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Pumping Lemma for Regular Languages

* The class of languages known as the regular languages has at least four different descriptions.

They are the languages accepted by DFA's, by NFA's, by epsilon NFA's they are also the languages
defined by regular expressions.

* Not every language is a regular language.

* Pumping lemma for showing certain languages not to be regular.
Pumping Lemma

* For any regular language L, there exists an integer n, such that for all

X € L with | x| 2 n, there exists u, v, w € Zx, such that x = uvw, and
(1) Juv] €n
(2) |v]l 21
(3) foralli=0:uviw € L
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Pumping Lemma for Regular Languages

* In simple terms, this means that if a string v is ‘pumped’, i.e., if vis
inserted any number of times, the resultant string still remains in L.

* Pumping Lemma is used as a proof for irregularity of a language.
Thus, if a language is regular, it always satisfies pumping lemma.

* If there exists at least one string made from pumping which is not in
L, then Lis surely not regular.
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Proving Languages not to be Regular

e This pumping lemma based on proof by contradiction
 Steps to proving languages not to be regular
1.Assume L is Regular and also Assume n be the number of states in the finite
automato accepting L.
2.Choose the string w {word in L}
Such that [w| =n
3.The string w can be split into three parts xy z
Such that (i) |[xy| <n (ii)y # € (or) y>0
4.Choose a suitable integer i,
Such thati= 0
5.Assume the string xy'z where i =0
Such that xy' z €L
6.Assumption is False. So L is Not Regular



Example

* Prove that L={0"1" | n 2 1} is not regular.
soln:

1. Let us assume that L is regular, then by Pumping Lemma the above given
rules follow.

L={01,0011,000111,....... } Assume n=2
2. Now, let w €L and |w]| 2 n. So, by Pumping Lemma.

w=0011, |4]=22 - y w
3. The string w can be split into three partsxyz |[00000J000...0J0111111
W=XYZ
x=0,y=0,z=11 |xy|sn --—--- 2<2

and |v| >0 ----- 1>0
4. Choose the suitable integeri=2, i =0
5. Assume the string xy'z where i =0
00%11
000111 €L
6. Our assumption is False. So L is Not Regular
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Home Work

1. Show that L={a'?| i 21 } is not regular.

2. show that L={ aP p is a prime} is not regular.

3. show that L={ 0'1!| i = 1} is not regular.

4. Show that L={ 0" 1™ | n>m and n 20} is not regular.
5. Show that L={ ww® | w Z (a,b)*} is not regular.

6. show that L={a"b"c" | n 2 0 } is not regular.

7. show that L={a%" | n 21 } is not regular.

8. Show that L={a™ | n>0} is not regular.



Home Work

* a) {0" | n is a perfect square}.

b) {0" | n is a perfect cube}.

c) {0" | n is a power of 2}.

d) The set of strings of 0's and 1's whose length is a perfect square.
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Closure properties of regular languages

* Closure properties on regular languages are defined as certain
operations on regular language which are guaranteed to produce

regular language.

* Closure refers to some operation on a language, resulting in a new

language that is of same “type” as originally operated oni.e., regular.

* A set is closed under an operation if, whenever the operation is

applied to members of the set, the result is also a member of the set.
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Closure properties of regular languages

* The principal closure properties of regular languages are as follows,
1. The union of two regular languages is regular.
2.The intersection of two regular languages is regular.
3. The complement of a regular language is regular.
4. The difference of two regular languages is regular.
5. The reversal of two regular languages is regular.
6. The closure of two regular languages is regular.
7. The concatenation of two regular languages is regular.
8. The homomorphism of a regular language is regular.

9. The inverse homomorphism of a regular language is regular.
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Closure under Union

Theorem:

If L and M are regular languages, then so is LUM is also regular.
Proof :

Let L and M be the languages of regular expressions R and S,
respectively.

Then R+S is a regular expression whose language is L U M

Let, L=L[R]
M = L[S]
LUM = L[R] U L [S]
= L [R+S]
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Closure under Intersection

Theorem
If Land M are two regular languages, then LNM is also regular language.
Proof:

Let L and M be the languages of automata Input a

A =(Qg 3, 6, q, F)and Ay = (Qy, 2, Sy Aw Fu)
A=(Qr xQun,%,96,(gr.am), Fr x Fyy)

where 5({3},@’],!1) = (5L[P,ﬂ}:5:lf(qsﬂ]')-

L[A]=L[A JNL[A,]

e Byinductionon W,
=

8 (gL, qum),w) = (80 (qr,w), dnr (gar, w)) Ay

But A accepts w if and only if EAS((qL,qM ),w) is a pair of accepting states
(i.e.,) mustbeinF and
must be in Fy,
Putting in another way, “ w is accepted by A if and only if both A and A,, accepts w.

Thus A accepts the intersection of L and M.
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Closure under Intersection
As= (Qa. Y. 84, gs. Fa)
Ag=(Qs. 2. 9g. gs. Fr)
ANB=(Q,20;.F. 504, xq; F,2F.)
Where
8((p.q)a)=35; (p.2a). 8y (g.a})

Qax Qe = {p.q} x {rs}]
={(p. ). (p. s). (q. 1). (. s)}

Z=10.1}

gaXge = {p. I}

FaxFe={q. s}
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Closure under Reversal

Theorem

If L is a regular language, then LR is also regular.
Proof

Assume L is defined by regular expression E. The proof is a structural induction

on the size of E. We show that there is another regular expression.
ER such that L(ER) = (L(E))R.

That is the language ER is the reversal of the language of E.
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Closure under Reversal

Let w=0010
wR =0100
* Basis
If E=€/® /3, then L={001,1110}
ER=€/®P/a LR= {100,0111}
E=ER
* Induction

There are 3 cases depending on the form of E.
1)E=E1+ E2 then ER=E1R+E2R
2) E=E1.E2 then  ER=E1R. E2R

3) E=E1* then  ER = (E1R)*
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Closure under Complementation

Theorem

If L is a regular language over the alphabet}, L=>*-L then is also
a regular language.

Proof
Let L= L [A] for some DFA, where
A=(Q,2, 6,90, F)
Then, L =L [B], where
B=(Q, 3, 6,q0, Q-F)
B is exactly like A, but the accepting states of A have not become the accepting
states of B and vice-versa.
Then wisin L [B], if and only if, 8(q,.w) isin {Q - F} is in, which occur if and only if
w is notin L [A].
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Closure under Complementation

Find the complement of (0+1)*01

A N 0 1

: DFA accepting the complement of the language (0 4+ 1)*01



Closure under Difference

Theorem
If Land M are regular languages then L — M is also regular
Proof

L-M=LNM

Since M is a regular language, M is also a regular language by closure
under complementation. Since L and M are regular, the LNM is also
regular by closure under intersection.

so, L—Mis a regular Language.
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Homomorphism

A string homomorphism is a function on strings that works by
substituting a particular string for each symbol.

Example: Let h(0)=ab
h(l)=€
is a homomorphism, where replace all 0's by ab and replace all 1's by €
Let w=0011
h(0011) = h(0)h(0)h(1)h(1)
h(w) =abab
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Proof
Toprove: L [h(E)] =h|[LE)

Homomorphism
Basis
Theorem IfE=zor §  then
If L is a regular language HE)=cor 0
over an alphabet ), then his a T
homomorphism function on 3 bt
then h (L) is also regular. IfE s € or 0, then L(E) contains either no strings or a string with no symbols.

Thus,
H[l(E)]=1(E) =Lh(E)]
IfE =3, then
LE)=1{a)
onirs - h{(E)] = {{h(a)} =L[(E)] for E= {a}



Indu ctiunl

There are 3 cases in induction part — Union, Concatenation and closure.

Homomorphism e
L(E)] =LMh{E + G)]
=LMhEF)Uh(G)]

=Lh({E)] ULKG)] =1
H[L(E)] =h[L(F + G)]
=h [L(f) UL (G)]
=h [L(H] UL [LG)] 32
Therefore by induction, from (1) and (2)
L[h(f)] =h[L(1)] and
L[h(G)]=h [L(G)]
Similarly concatenation and closure is also true,

L[h%}ﬂf h[L(E)] = Hence proved



Inverse homorphism

h™'(L) is the set of strings, win 3* such that h{w) isin L.
Theureml

Ifh is a homomorphism from alphabet, } to alphabet T and L is regular language over T, then
h™(L) is also a regular language.

(][ (=

(a)

(r0)] =[O

(b)

Figure 4.5: A homomorphism applied in the fol{&‘lt—ll:é and inverse direction



Example:lﬁuppnse h is a homomorphism from the alphabet {0, 1, 2} to the alphabet {a, b}
defined by h(() = a, h(1) = ab, h(2) =ba.

() h (0120) =h (0)h(1)h(2)h(0)
=aabbaa
(i) h(21120) = h(2)h(1)h(1}h(2)h(0)
=baababbaa
(i) L[01*2]
H(L) = h(01*2)
= L[h(01*2)]
= L[h(0)h(1%)h(2)]
= L[a(ab)*ba]
(+v) h™(L) = h''(ababa) where L = ababa
=h'(a)h (ba)h™ (ba)

=022
I I:]'L""' UNIT 3



Pushdown Automata (PDA)

» Pushdown Automata is a Finite Automata with extra memory called stack

which helps Pushdown Automata to recognize Context Free Languages.

« The stack in the PDA provides memory to store intermediate states and

results which increases the capability of automation.

< Due to the availability of stack, PDA becomes more powerful than a finite

automata.

< The important feature of PDA is stack, which is used to remember the

input. Finite Automata associated with a stack is known as PDA.
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How does a pushdown automata work?

* A pushdown automaton reads a given input string from left to right.

* In each step, it chooses a transition by indexing a table by input
symbol, current state, and the symbol at the top of the stack.

* A pushdown automaton can also manipulate the stack, as part of

performing a transition.
Push & Pop

Fimte state
all | al | a2 :m| } %‘

Reads control

Input tape input ¢

UNI




PDA Components

* Input tape: The input tape is divided in many cells or symbols. The input head is
read-only and may only move from left to right, one symbol at a time.

Finite control: The finite control has some pointer which points the current
symbol which is to be read.

Stack: The stack is a structure in which we can push and remove the items from
one end only. It has an infinite size. In PDA, the stack is used to store the items

temporarily.

The stack head scans the top symbol of the stack.

Push & Pop

* A stack does two operations - FEEE=E—
* Push - a new symbolis added at the top. i | \L

* Pop - the top symbol is read and removed. e oce

UNIT 3



Why do we need Pushdown Automata?

Finite Automata can be used to accept only regular languages.

Finite Automata can remember a finite amount of information, but a PDA

can remember an infinite amount of information.

Pushdown Automata 1s simply an NFA augmented with an '"external stack

memory''.
Pushdown Automata to recognize Context Free Languages.
They can use the top of the stack to decide which transition to take.

They can manipulate the stack as part of performing transition.

NIT 3



Formal Definition of Pushdown Automata

A PDA can be formally described as a 7-tuple (Q, >, I', 0, qq, Z,, F)

= Q is the finite number of states

= Y 1is the finite set of input alphabets

= I 1s stack symbols

= 0 1s the transition function: Q x (3, U {&}) x I'-->Q xI'*
= (1s the start state (q,€Q)

= Z,1s the initial stack top symbol (Z, € T" )

- Fis a set of accepting states or final states (F €Q)
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0 1s the transition function

old state input symb.  Stack top new state(s) new Stack top(s)

O: Qx>xTI == QxT
6(q,a,X) ={(p,Y), ...}

. i) Y=X Pop(X)
1. state transition fromqtop Push(X)
2. aisthe next input symbol
3. Xisthe current stack top symbol i ¥=2,2,.2, Pop(X)
4. Yisthe replacement for X; ) Push(z,)
itisinI'* (a string of stack symbols) Push(Z..)
i. SetY =c¢gfor:Pop(X) Push(z,)
Push(Z,)

ii. If Y=X:stack top is unchanged

ii. 1fY=2,Z,...2,: X'is popped and is
replaced by Y in reverse order (i.e., Z, will
be the new stack top) TS



Conventions of A transition

8(qO)a:vZO) = (qlaaZO)
B(qlaaaa) = (qlaaa)

8(qlaaaa) - (qlaaa)
- q @ represents state or current state. 0(q,b,a) =(qy,€)

- W ® input symbol. 0(q2,b,a) = (qy,€)

Z,® start symbol for stack or top of stack. 0(q2,b,2) = (q2:€)
0(q2,A,20) = (q3,A7)

A(q,w,zo)=(p,a)

- P @ state after push / pop operator.
o @ stack elements after performing push or pop oparations.
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Instantaneous Descriptions (ID)

* IDis an informal notation of how a PDA computes an input string and
make a decision that string is accepted or rejected.

« AlDisatriple(q, w, a), where:
1. qisthe current state.
2. wisthe remaining input.
3. o isthe stack contents, top at the left.

If 8(q,a, X)={(p, A)} is a transition, then the following are also true:
¢ (ql d, X ) |_" (plglA)
* (q, aw, XB) [--- (p,w,AB)

|--- sign is called a “turnstile notation” and represents one move

|---* sign represents a sequence of moves
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Example: Instantaneous Descriptions (ID)
PDA to accept {O"1" | n> 1}

(g, 000111, Z,)+ (q, 00111, 0Z,) (q, 0001111, Z,)+(q, 001111, 0Z,)

- (g, 0111, 00Z,) F(q, 01111, 00Z,)
- (g, 111, 000Z,) F(q, 1111, 000Z,)
- (p, 11, 00Z,) H(p, 111, 00Z,)
- (p, € Zo) (P, 1, 2

I_(f/ 1/ ZO)
I_ (fr E; ZO)

) (5 Note the last ID has no move.
Thus, (g, 000111, Z,)+*(f, €, Z,). 0001111 is accepted, because the

000111 is Accepted by PDA input is not completely consumed.
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Languages of PDA (PDA Acceptance)

* A language can be accepted by Pushdown automata using two

approaches:

* Acceptance by Final State:

 The PDA is said to accept its input by the final state if it enters any final state
in zero or more moves after reading the entire input.

e Acceptance by Empty Stack:
* On reading the input string from the initial configuration for some PDA, the

stack of PDA gets empty.
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Languages of PDA (PDA Acceptance)

* PDAs that accept by final state:

* For a PDA P, the language accepted by P, denoted by L(P) by final state, is:
* L(P)={w | (dp;W,Z) |---* (a,¢, A) },s.t.,q € F

* PDAs that accept by empty stack:

* For a PDA P, the language accepted by P, denoted by N(P) by empty stack, is:

* N(P)={w | (aq,wW,Z;) [---* (q, €, €) }, forany q € Q.
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Example Problems - PDA

Examplel:

Design a PDA of a language L={a"b", n>=1}

Solution:

Let us consider n=3

.. the string w =“aaabbb”
Now, the input tape and stack is prepared for doing operations with pointer in
input tape along with A as last element and z, as stack symbol with pointer.

Input tape stack
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Stepl: Insert the input in to the input tape ends with A and starts to read the input.

Zp

Step2: Read the input from tape, if it is ‘a’ then perform push(a) into the stack. After
this the pointer moves to next position both in input tape and stack.

a

A

T

a

Zp

Push(a)

Step3: Move the pointer and read the next input from tape, if it is ‘a’ then perform
push(a) into the stack. The pointer moves to top of the stack.

v \

Push(a)



Step4: Move the pointer and read the next input, if it is ‘a’ then perform push(a) into
the stack. The pointer moves to top of the stack.

v \
Push(a)
a a g b b b A a
} a
a
Zp

StepS: Move the pointer and read the next input, if it is ‘a’ then perform push(a) else
pop(a) from the stack. The pointer moves to top of the stack.

a a a b b b A a Pop(a)
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Step6: Move the pointer and read the next input, if it 1s ‘b’ then perform pop(a) from
the stack. The pointer moves to top of the stack. /\

a a a b b b A a Pop(a)

! i

Step7: Move the pointer and read the next input, if it is ‘b’ then perform pop(a) from
the stack. The pointer moves to top of the stack.

a a a b b b A Z, Pop(a)

|

Step8: Move the pointer and read the next input, now the pointer points “A” in input
tape and Z; in the stack.

This state remains and indicates that the PDA goes to an acceptingstate.
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Step9: Transition Diagram

Input element, Push operation, Input element, Pop operation
top of the stack  elements in stack  top of the stack

Last element, No operation
top of the stack

o > > (; > (3

) b/gg

Input element,
top of the stack

Push operation,

5 Input element, Pop operation
elements in stack

top of the stack



Step9: Transition Diagram




Step 10:Convention of A transition: A(q,w,z,)=(p,n)
8(q()aaz*z()) = (qlaaZO)
8(q19aaa) = (qlaaa)

a,z) /az, e i T
aad)=(@an) g b
5(1,b,2) = (q-8)
b.a /s
8(q29b9a) - ((hag)

0(qp,b,a) = (q,€)
0(q2,A,zp) = (q3,A2)

The given string reaches the final states and hence the

(19 29

string “‘w” 1s accepted.

3



Step 11:Instantaneous description in PDA

- It 1s represented as (State, String, Stack Element) (qy,aaabbbA,z,)

(qg.aaabbbA,z;)  |— (q;,aabbbA,az)
— (q,,abbbA,aaz,)

— (q,,bbbA,aaaz,)
_ (g,,bbAaaz)

(q2 9bAaaZO)
(q29AazO)
(q3 aAZO)

It reaches the final state “q,”, hence the string w=*“aaabbb”
accepted by PDA

UNIT 3



Example2:

Design a PDA of a language L={0"1?" ,n>=1}
Solution:

Let us consider n=2

0212*2 =0214 = 001111

The string w =“001111”

Now, the input tape and stack 1s prepared for doing operations with
pointer in input tape along with A as last element and 7, as stack
symbol with pointer.

Input tape

stack
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Step1: Insert the input in to the input tape ends with A and starts to read the input.

Zp

Step2: Read the input from tape, if it is ‘0’ then perform push(0) into the stack. After
this the pointer moves to next position both in input tape and stack.

0 0 1 1 1 1 A

T

0

Zp

Push(0)

Step3: Move the pointer and read the next input from tape, if it is ‘0’ then perform

push(0) into the stack. The pointer moves to top of the stack.

v \

UNIT 3
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Step4: Move the pointer and read the next input, if it is ‘1’ then no operation (push /
pop) is performed in the stack. The pointer moves to top of the stack.

0 0 1 | 1 1 A 0 No
—
operation
| 0
Zo

StepS: Move the pointer and read the next input, if it is ‘1’ then perform pop(0) from
the stack. The pointer moves to top of the stack.

olo | 1|1 | 1]1]A 0 Pop(0)
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Step6: Move the pointer and read the next input, if it is ‘1’ then no operation (push /
pop) is performed in the stack. The pointer moves to top of the stack.

0| 0 1 1 1 1 | A —J o0 No
operation
i Zo

Step7: Move the pointer and read the next input, if it is ‘1’ then perform pop(0) from
the stack. The pointer moves to top of the stack.

0 0 1 1 1 1 A /\

; — [z, | Pop0

Step8: Move the pointer and read the next input, now the pointer points “A” in input
tape and Z; in the stack.

This state remains and indicates that the PDA goes to an acceptingstate.

0 0 1 1 1 1 A

!
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Step9: Transition Diagram

Input element, Input element
Input element, top of the stack top of the staci( Last element,
top of the stack top of the stack

No

Push operation,
operation

elements in stack Pop operation

/ ]\ / No Olﬁ‘ation

0,z,/0z, 1,0/0 1,0 /¢ A,zy Az,

> 9 — q —— q —— @ ——>

\/

0,0/00 1,0 /0

N /

Push operation,
elements in stack

Input element,
top of the stack

Input element, No
top of the stack  operation



Step9: Transition Diagram

—

)

0,2,/0z,

/>

0,0/00

1,0/0

—> @

1,0 /¢

a— L

1,0/0

A,zy IAZ,

—

4



Qo r—> q, /> q, — q |/

0,0/ 00

Step 10:Convention of A transition: A(q,w,z,)=(p,)

6(q0,0,20) = (q1,020)

0(q;,0,0) = (q,,00)

6(q1,1,0) = (q2,00)

0(q2,1,0) = (q3,¢)

0(q3,1,0) = (q2,0)

6(q,1,0) = (q3.¢)

0(q3,4,2) = (q4,A2)
The given string reaches the final states and hence the
string “w” is accepted.
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Step 11:Instantaneous description in PDA
It is represented as (State, String, Stack Element)
(00,001111A,z,)

(0. 001111A,z) | (q1,01111A,0z))
L (q,,1111A,002,)

— (q,111A,002)
| (g3,11A,0z))

(q27 IAQOZO)
(q3 aAazO)
(q49AZ0)

It reaches the final state “q,”, hence the string w=*001111" accepted by

PDA
|— Turnstile notation l_ Sequence of moves

one move UNIT 3



HOME WORK

Design a PDA of a language L={w wR ,we(0+1)*}
Design a PDA of a language L={0"1", n>=1}

Design a PDA of a language L={a"b™a", m, n>=1}
Design a PDA of a language L={w CwR ,we(0+1)*}

UNIT 3



Example 3:
Design a PDA of a language L={well formed parenthesis}

Solution:
Let us consider the string w =“(( ))”

Now, the input tape and stack i1s prepared for doing operations with
pointer in input tape along with A as last element and 7z, as stack
symbol with pointer.

Input tape

stack

UNIT 3



Step1: Insert the input in to the input tape ends with A and starts to read theinput.

( ( ) ) A — 7

Step2: Read the input from tape, if it is ‘(’ then perform push( ( ) into the stack. After
this the pointer moves to next position both in input tape and stack.

( ( ) ) A Push( ()

— (

T z

Step3: Move the pointer and read the next input from tape, if it is ‘(" then perform
push( () into the stack. The pointer moves to top of the stack.

Ll | a N
L] Push(O
T ;
Zy
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Step4: : Move the pointer and read the next input from tape, if it is ¢)’ then perform
pop( () from the stack. The pointer moves to top of the stack.

— ( Pop( ()
Zg

C| C1 ) [ ) | A

StepS: Move the pointer and read the next input from tape, if it is ‘)’ then perform
pop( () from the stack. The pointer moves to top of the stack. /\
( ( ) ) A

T — % Pop(()

Step6: Move the pointer and read the next input, now the pointer points “A” in input
tape and Z; in the stack.

This state remains and indicates that the PDA goes to an acceptingstate.

C| Cl )| )| A

T —> Ly
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Step7: Transition Diagram

Input element,
Input element,

top of the stack Last element,
top of the stack top of the stack
Push operation, POP_
elements in stack operation
/ /‘ No operation
(> 2o/( 2 ), (/€ A,z /Az,
"l " > q > ds
/(, ( /(\ ),/ 8 \
Input element, Push operation, Input element, Pop .
top of the stack  €lements in top of the stack ~ operation

stack



Step7: Transition Diagram

2> b — q = q >



— _ > 3
‘o q, d, > ds

_/ R,/
(. (/(( () E

Step 8:Convention of A transition: A(q,w,z,)=(p,)
6(00,(,20) = (a1,( Zp)

6(dy,(,)) = (a5,(()

0(q1,(;)) = (q, &)

0(q2,(,)) = (q2,€)

0(d2,A,20) = (q3,A2)

The given string reaches the final states and hence the

(19 2 3

string “‘w” 1s accepted.



Step 9:Instantaneous description in PDA
It is represented as (State, String, Stack Element)

(9o, (())A,20)

(9o, (())Az) — (4, ()) A, (20)
— (92, ) ) A((20)
— (92,)A,(2)

- (92,A,7)
(3,A7)

It reaches the final state “q;”, hence the string w=* (())”
accepted by PDA

UNIT 3



Example 4:
Design a PDA of a language L={w wR |, we(0+1)*}
Solution:

Let the string w=0101 , then wR=1010
Therefore the string wwR =01011010

Now, the input tape and stack 1s prepared for doing operations with
pointer in input tape along with A as last element and 7z, as stack
symbol with pointer.

Input tape
stack
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Step1: Insert the input in to the input tape ends with A and starts to read theinput.

0 1 0 1 1 0 1 0 A

> Z

Step2: Read the input from tape, if it is ‘0’ then perform push(0) into the stack. After
this the pointer moves to next position both in input tape and stack. N

Push(0)

0 1 0 1 1 0 1 0 A 0
—>
T 2z

Step3: Move the pointer and read the next input from tape, if it is ‘1’ then perform
push(1) into the stack. The pointer moves to top of the stack.

¥ \
0 1 0 1 1 0 1 0 A Push(1)
T —_— 1
0
Z
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Step4: Move the pointer and read the next input, if it is ‘0’ then perform push(0) into
the stack. The pointer moves to top of the stack.

Push(0)
ol 1lo |1 |1]o]1]o0]|A]| — O
T 1
0
Zy

StepS: Move the pointer and read the next input from tape, if it 1s ‘1’ then perform

push(1) into the stack. The pointer moves to top of the stack. v\
o | 1|0 | 1| 10| 1]O0]|A —> 1 | Push(l)
0
T |
0
Z
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Step6: Move the pointer and read the next input, if it is “1" then perform pop(1) from

the stack. The pointer moves to top of the stack.
—) 0 Pop(1)
0 1 0 1 1 0 1 0 A
0
Z

Step7: Move the pointer and read the next input, if it is ‘0’ then perform pop(0) from
the stack. The pointer moves to top of the stack.

—>| 1 | Pop(0)
ol 110 | 1| 1o ]| 1] o0/ A
T 0
Z
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Step8: Move the pointer and read the next input, if it is ‘1’ then perform pop(1) from
the stack. The pointer moves to top of the stack. /x

0 1 0 1 1 0 1 0 A
—> 0 Pop(1)

I z0

Step9: Move the pointer and read the next input, if it is ‘0’ then perform pop(0) from
the stack. The pointer moves to top of the stack. /\'

0 1 0 1 1 0 1 0 A

[

Step10: Move the pointer and read the next input, now the pointer points “A” in input
tape and Z; in the stack.

— % Pop(0)

This state remains and indicates that the PDA goes to an acceptingstate.

0 1 0 1 1 0 1 0 A

f

> Z
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Step11: Transition Diagram

Input element, Push operation, Input element, Pop operation
top of the stack elements in stack  top of the stack

Last element, No operation
top Of the stack

" Y5 4 T W > {3

1,1/¢
1 « Ny

Input element, B ”
top of the stack op operation

Input element,
top of the stack

A,zy /Az,

Push operation,
elements in stack



Step11: Transition Diagram

L={w wR , w(0+1)}

3 0,z /0z, 0,0/¢ Az, /Az,
—_ O —> => ->
1,2, 1z, 4 1Tie T 3
0,0 /00
1,0/10 f"l] s
L1 i

\O’K /

Azy IAzy _—



0.z, / 0z, 0,0/¢ A,z, /AZ,

1,2, / 1z, qd; 1.1/ ¢ > ds
\

l _/ ,

\ 0,0 / 00~ \_/ /

\ 1,111 0,07 /
1.1/=

R 7

\ - ///

T Az Az,

Step 12:Convention of A transition: A(q,w,z,)=(p,a) w=01011010
6(00,0,20) = (a1,07)

6(d,,1,0) = (9,,10)

6(qlaoal) - (qlaol)

S(qlalao) = (qlalo)

6(qlalal) - (q298)

S(qlaoao) = (q298)

8((]2,1,1) - (q298)

6((12,0,0) = (q298)

0(d2,A,20) = (q3,A2)

The given string reaches the final states and hence the string “w” 1s
accepted.

— Yo



Step 13:Instantaneous description in PDA
It 1s represented as (State, String, Stack Element)

(q,01011010A,z)

(qg, 01011010A,z,) — (q;,1011010A,07,)
(q,,011010A,10z,)
(q,,11010A,010z)
(q,,1010A,1010z)
(q,,010A,010z)
(q,,10A,107)

(q290AaOZO)

(92,A,70)

(d3,A2)
It reaches the final state “q;”, hence the string w=*“010110101"

accepted by PDA

TTT T TT1T T T
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Applications of PDA

- Compiler design(parser design for syntactic analysis).

~ Online Transaction process system.

~ Tower of Hanoi (Recursive Solution).

- Handheld PDA supports barcode scanning and data conveying.
-~ Predictive parsing- Bottom up LR parsing



